We explicitly show that cyclic and pseudo-cyclic MDS codes of length q+ 1, obtained by a BCH-construction, are generalized Reed-Solomon codes. '<' I992 Academy Press, Inc.
for a;EGF(q), and ~~(a)=(0 ,..., 0, l)T. C is denoted as a GRS(n, k, a, y) code.
For a GRS(q + 1, k, a, y) code over GF(q), we observe, that (~~1 ai6 a, 0 < i< q} = GF(q) u {cc }. Suppose a,s = co. Then the canonical generator matrix for the code is
The column (0, . . . . 0, Y.~)~ is called the singular column. The remaining columns are called regular columns.
In the following we will use this construction to characterize cyclic and pseudo-cyclic MDS codes of length q + 1 over GF(q). We will consider the 131 cyclic [q + 1, k] MDS codes over Cl;(q), q even or k odd, which were constructed by Berlekamp and Justesen [l] (see also [5, p. 3231 ). These are BCH-codes. For q odd and k even no cyclic [q + 1, k] code over Cc(q) is MDS [4] . Instead, it is possible to construct pseudo-cyclic [q + 1, k] MDS codes over GF(q) . A pseudo-cyclic [q + 1, k] code consists of all multiples of a generator polynomial dividing x4+ ' -a, where a is an element in GF(q). If a is primitive, pseudo-cyclic [q + 1, k] MDS codes can be constructed. These have been studied by da Rocha [6] .
Diir [2] has shown, that the codes listed in Table I are GRS codes, and in [S] he has shown how to select a and y, such that E(k, /I) = GRS(q + 1, k, a, y). We show how a and y can be chosen, such that any code in Table I is a GRS(q + 1, k, a, y) code. To do this, we use the tracefunction, T: GF(q2) + GF(q), defined by T(x) = x + xy.
From now on, q =ph, [ is a primitive element in GF(q2), j? = cq-' is a (q + 1 )th root of unity of GF(q2), and q = pcPP I)/'. Note that for p odd, (p -1)/2 is an integer. For p = 2 we have q = /I"'. The square root is a function in finite fields of even order, and therefore, q is well defined. For later purposes, it is convenient to do the following calculations. Let 06i6q and ifq-p+2.
For q odd and k even, we have that Nofe.
[ is a primitive element in GF(q') and fi is a (q + I )th root of unity in GF(q').
(TV i+"-')-T(l))k/' tfli+p-I +p-i-(p-l)-2)kl2
Similarly, for q even or k odd, it is easy to derive (TV i+~~l)_T (1) ProoJ First we prove, that a and y define a GRS code over GF(q). By the definition of 6, and (2) or (3), it is easy to see, that y,eGF(q). For ifq-p+2
we have #?i+pP1 # 1, i.e., r2fli # 1, so y,#O. Now, we also know that cli E GF(q). Furthermore, the elements of a are distinct, since the function (x -1 )/(ax -1) does not take the same value twice if a # 1.
Since C and GRS(q + 1, k, a, y) have the same length and dimension, it is sufftcient to show, that the two codes have the same zero set. To do this, we consider the canonical generator matrix (1) of GRS(q + 1, k, a, y). The rth element in the ith column, 0 < r < k -1 and 0 d i < q, can be written as It is easy to check, that (5) also holds for the singular column. Hence, a basis for GRS(q + 1, k, a, y), expressed in polynomial form, is 4 c,(x)= c y,-+x' for 06r6k-1, i=O and by using (5) and binomial expansion, we obtain where (7) i=O We now have to distinguish between the different cases of C. As an example we look at C = B,(k, fl). Then q and k are odd, S, = (-l)i = b-Q+ lM2, and (7) can be expressed as
We put x = /?I in (8) and obtain
Since j is a (q + 1)th root of unity, S(/P) = 0 for -(q -k)/2 -1 -(s + t) + jf0 modq+l.
Using the fact that O<s+t<k-1, we obtain -(q-k)/2<j<(q-k)/2.
Since a basis (6) of GRS(q+ 1, k, a, y) has the zero set Z = {/?'I -(qk)/2 <j < (qk)/2}, every codeword of GRS(q + 1, k, a, y) has the elements of Z as zeroes. We observe, that Z is equal to the zero set of Bl(k, B) (see Table I ), and conclude that B,(k, 8) = GRS(q+ 1, k, a, y). The other cases of C can be proven in the same way. 1
